Abstract: In this paper our attempt is to extend the notion of essential fuzzy ideals of rings to T-fuzzy essential ideals. Various properties on T-fuzzy essential ideals are established. Some results are being discussed which establish necessary and sufficient condition between T-fuzzy essential ideal in fuzzy set theory and essential ideal in crisp set theory. Moreover it is proved that if µ, ν and σ are non-zero T-fuzzy left ideals of R such that µ ⊆ ν ⊆ σ, then µ ⊆ e(T ) σ if and only if µ ⊆ e(T ) ν ⊆ e(T ) σ.
Introduction
The notion of fuzzy set was introduced by L.A. Zadeh [13] in 1965. Since then these ideas have been applied to other algebraic structures like groups, rings, modules, topologies and so on. The concept of fuzzy group was introduced by Rosenfeld [12] in 1971. The study of fuzzy sub rings and fuzzy ideals of rings was initiated by W. Liu [7] around 1982. Mukherjee and Sen [10] , [11] characterized regular rings in terms of fuzzy ideals of rings. Abou-Zaid [1] , Kumar et al [5] , [6] and Malik et al [8] have carried out extensive work on fuzzy url: www.acadpubl.eu ideals of rings. U. Medhi et al [9] studied essential fuzzy ideals of rings. The concept of t-norm(i.e. triangular norm) was studied by D dubois and H Prade [4] . Dheena and Mohanraaj [3] studied T-fuzzy ideals of rings. In this paper we extend the notion of fuzzy essential ideals of rings to T-fuzzy essential ideals and various properties are being investigated.
Preliminaries
Throughout this paper R denotes a non-commutative ring with unity unless and otherwise stated. 
Note. The T-norm minimum (min T-norm) is defined by T (x, y) = min(x, y). Some other T-norms are T p (x, y) = xy, T n (x, y) = max(x + y − 1, 0) and
Every T-norm T * satisfies the inequality:
A triangular norm is called an Archimedian t-norm if it satisfies the following conditions:
Moreover, if T also satisfies (T7), where
is called a strict Archimedian t-norm. Definition 2.2. A fuzzy subset µ of R is called a fuzzy left ideal if it satisfies the following properties:
(ii) µ(xy) ≥ µ(y), for all x, y ∈ R Definition 2.3. A fuzzy subset µ of R is called a fuzzy right ideal if it satisfies the following properties:
(ii) µ(xy) ≥ µ(x), for all x, y ∈ R Definition 2.4. A fuzzy subset µ of R is called a fuzzy ideal if it satisfies the following properties:
(ii) µ(xy) ≥ µ(x) ∨ µ(y), for all x, y ∈ R Definition 2.5. (see [9] ) Let µ be a fuzzy subset of a non-empty set X. Then a fuzzy point x t , x ∈ X, t ∈ (0, 1] is defined as the fuzzy subset x t of X such that x t (x) = t, and x t (y) = 0, for all y ∈ X − x. We write x t ∈ µ if and only if x ∈ µ t . Definition 2.6. (see [3] ) Let µ, λ be two fuzzy subsets of a set X. A fuzzy subset µ ∧ λ is defined as (µ ∧ λ)(x) = T (µ(x), λ(x)). Definition 2.7. (see [3] ) Let µ, λ be two fuzzy subsets of a set X. The product of the fuzzy subsets µ and λ is defined as:
Definition 2.8. (see [3] ) A fuzzy subset µ of a ring R is called T-fuzzy left(right) ideal if:
Notes.
(1) If we take T-norm as min-norm T-fuzzy right coincides with fuzzy right ideal.
(2) T-fuzzy ideal is both T-fuzzy right and left ideal. Lemma 2.1. (see [3] ) Every fuzzy right ideal of a ring R is a T-fuzzy right ideal.
Lemma 2.2. (see [3] ) If A is a right ideal of a ring R, then χ A is a T-fuzzy right ideal.
Theorem 2.1. (see [3] ) If µ, λ are T-fuzzy right ideals of a ring R, then µ ∧ λ is a T-fuzzy right ideal of R.
Remark 2.1. (see [3] ) Every T-fuzzy right ideal need not be a fuzzy ideal by the following example: Example 1. Consider the ring R = {0, a, b, c} with addition and multiplication operations defined as follows:
Now we define a fuzzy subset µ of R such that
Then µ is a T-fuzzy ideal of R while it is not a fuzzy ideal of R as
Definition 2.9. (see [9] ) A non zero fuzzy left ideal µ of R is called a essential fuzzy left ideal of R, denoted by µ ⊆ e R, if for every nonzero fuzzy left ideal δ of R, there exist x( = 0) ∈ R such that x t ∈ µ and x t ∈ δ, for some t ∈ (0, 1]. Definition 2.10. (see [9] ) Let µ and σ be two nonzero fuzzy left ideals of R such that µ ⊆ σ. Then µ is called a essential fuzzy left ideal in σ, denoted by µ ⊆ e σ if for every nonzero fuzzy left ideal δ of R satisfying δ ⊆ σ, there exist x( = 0) ∈ R such that x t ∈ µ and x t ∈ δ, for some t ∈ (0, 1].
T-Fuzzy Essential Ideal of Rings
Definition 3.1. A non-zero T-fuzzy left ideal µ of R is called a T-fuzzy essential left ideal of R, denoted by µ ⊆ e(T ) R if for every non-zero T-fuzzy left ideal σ of R, µ ∧ σ = χ 0 i.e there exists x( = 0) ∈ R such that T [µ(x), σ(x)] ≥ t, for some t ∈ (0, 1].
Example 2. Consider the ring R = {0, a, b, c} with addition and multiplication operations defined as follows:
Now we define a fuzzy subset µ of R such that µ(0) = 1, µ(a) = .4, µ(b) = .6, µ(c) = .5. Suppose σ is a non zero T-fuzzy left ideal of R. Then there exists x( = 0)inR such that σ(x) = t( = 0), where t ∈ (0, 1]. Suppose σ(a) = 0. Now we consider the product norm T p defined by T p (s, t) = st, where s, t ∈ [0, 1].
Then clearly T p (µ(a), σ(a)) = µ(a)σ(a) = 0. Hence µ is a T-fuzzy essential left ideal of R.
But µ is not a T-fuzzy essential under the norm T = T w , where T w is defined as follows: Proof. Let µ be a T-fuzzy essential left ideal of R. Let A be any non-zero left ideal of R. Then χ A is a non-zero T-fuzzy left ideal of R. Since µ ⊆ e(T )
This implies µ(x) ≥ t and χ A (x) ≥ t, t = 0 and thus x ∈ µ t ∩ A. Hence µ t is an essential left ideal of R.
Conversely, let µ t ⊆ e R. Then, for some t ∈ (0, 1], µ t is non-zero for which µ is non-zero. Let σ be any non-zero T-fuzzy left ideal of R. Then there exists x( = 0) ∈ R such that σ(x) = s( = 0). As µ t is an essential left ideal of R, there exists y( = 0) ∈ R such that y ∈ µ t ∩ σ s . This implies µ(y) ≥ t, σ(y) ≥ s and therefore µ(y) ≥ t 0 , σ(y) ≥ t 0 where t 0 = min{s, t}. Also, (µ ∧ σ)(y) = T [µ(y), σ(y)] ≥ T (s, t) > T (0, 0) = 0. Thus for y( = 0) ∈ R we get (µ ∧ σ)(y) = 0 i.e. µ ∧ σ = χ 0 . Hence µ is a T-fuzzy essential left ideal of R.
Theorem 3.2. A left ideal A of R is essential in R if and only if χ A is a T-fuzzy essential left ideal of R.
Proof. Let A ⊆ e R. Then χ A is a non-zero T-fuzzy left ideal of R. Let µ be any non-zero T-fuzzy left ideal of R. Then µ t is a non-zero left ideal of R where t ∈ (0, 1]. Then there exists x( = 0) ∈ R such that x ∈ µ t ∩ A i.e. µ(x) ≥ t and
Conversely, let A be a left ideal of R such that χ A is T-fuzzy essential in R. Let B be any non-zero left ideal of R. Then χ B is a non-zero T-fuzzy left ideal of R. This implies there exists
Thus we get, χ A (x) ≥ t and χ B (x) ≥ t. Thus we have, χ A (x) = 1 and χ B (x) = 1. This implies x ∈ A and x ∈ B. Hence A is an essential left ideal of R. Proof. Let µ ⊆ e(T ) R. Let σ ⊆ χ R be any non-zero T-fuzzy left ideal of R. Since µ ⊆ e(T ) R, so we have µ ∧ σ = χ 0 . Therefore µ ⊆ e(T ) χ R .
Conversely, let µ ⊆ e(T ) χ R . Let σ be any non-zero T-fuzzy left ideal of R. Then clearly σ ⊆ χ R . Also µ ⊆ e(T ) χ R and therefore µ ∧ σ = χ 0 . Hence µ ⊆ e(T ) R. Definition 3.2. Let µ and σ be two non-zero T-fuzzy left ideals of R such that µ ⊆ σ. Then µ is called a T-fuzzy essential left ideal in σ, denoted by µ ⊆ e(T ) σ, if for every non-zero T-fuzzy left ideal θ of R satisfying δ ⊆ σ, µ ∧ δ = χ 0 i.e. there exists Proof. Let A ⊆ e B. Then A ⊆ B and therefore χ A ⊆ χ B . Let σ be any non-zero T-fuzzy ideal with σ ⊆ χ B . Then σ t is a non-zero left ideal and σ t ⊆ B, for some t ∈ (0, 1]. This implies there exists
Conversely, let χ A ⊆ e(T ) χ B . Then A ⊆ B. Let C be a non-zero left ideal of R with C ⊆ B. Then χ C is non-zero and
Thus χ A (x) ≥ t and χ C (x) ≥ t. Thus x ∈ A and x ∈ C. Hence A ⊆ e B.
Theorem 3.4. Let µ and σ be two non-zero T-fuzzy left ideals of R such that µ ⊆ σ. Then µ ⊆ e(T ) σ if and only if µ t ⊆ e σ t , for some t ∈ (0, 1].
Proof. Let µ ⊆ e(T ) σ. Since µ ⊆ σ, we have µ t ⊆ σ t , for some t ∈ (0, 1]. Let A be any non-zero left ideal of σ t .
A fuzzy subset δ of R is defined such that
Then δ is a non-zero T-fuzzy left ideal of R such that δ ⊆ σ. Thus there exists
Conversely, let µ t ⊆ e σ t , for some t ∈ (0, 1]. Let δ be a non-zero T-fuzzy left ideal of R with δ ⊆ σ. Then δ t is a non-zero left ideal of R with δ t ⊆ σ t , for all t ∈ (0, 1]. Since µ t ⊆ e σ t , for some t ∈ (0, 1]. So, there exists x( = 0) ∈ R such that x ∈ µ t ∩ δ t . This implies µ(x) ≥ t and δ(x) ≥ t. Now, (µ ∧ δ)(
Theorem 3.5. Let µ and σ be two non-zero T-fuzzy left ideals of R such that µ is a T-fuzzy essential left ideal in σ. Then for any T-fuzzy left ideal δ of
Theorem 3.6. Let µ, ν and σ be non-zero T-fuzzy left ideals of R such that µ ⊆ ν ⊆ σ. Then µ ⊆ e(T ) σ if and only if µ ⊆ e(T ) ν ⊆ e(T ) σ.
Proof. Let µ ⊆ e(T ) σ. Let δ be a non-zero T-fuzzy left ideal of ν. Then δ is also a non-zero T-fuzzy left ideal of σ. Thus there exists x( = 0) ∈ R such that T [µ(x), δ(x)] ≥ t, for some t ∈ (0, 1]. Consequently µ ⊆ e(T ) ν. Again, let ξ be any non-zero T-fuzzy left ideal of σ. Since µ ⊆ e(T ) σ, so there exists x( = 0) ∈ R such that T [µ(x), δ(x)] ≥ t, for some t ∈ (0, 1] and this implies ν ⊆ e(T ) σ.
Conversely, let µ ⊆ e(T ) ν ⊆ e(T ) σ. Let η be a non-zero T-fuzzy left ideal of σ. Since ν ⊆ e(T ) σ, so there exists x( = 0) ∈ R such that T [ν(x), η(x)] ≥ t, for some t ∈ (0, 1]. Also η ∧ ν is a non-zero T-fuzzy left ideal of ν and µ ⊆ e(T ) ν. This implies there exists y( = 0) ∈ R such that T µ(y), (ν ∧ η)(y) ≥ s, for some s ∈ ( Thus we have µ ∧ η = χ 0 . Hence µ ⊆ e(T ) σ.
